I. INTRODUCTION
This is the fourth paper of a series of four which present experimental and theoretical investigations on transport properties of charge carriers in silicon and germanium.tm3 The purpose of this paper is to describe a detailed analysis of drift velocity and diffusivity of electrons in germanium. Like the three previous papers, this investigation is intended to be as extensive and detailed as is possible at the present time.
On the experimental side, we have used the purest available crystals and the time-of-flight technique, which is one of the most reliable experimental techniques for high-resistivity materials. We tried to extend as much as possible the range of temperatures and field strength investigated.
On the theoretical side, we have used the Monte Carlo technique with a physical model which includes most of the known features of the band structure and the scattering mechanisms of electrons in germanium. In particular, besides the lowest (111) valleys, the upper valleys, at the I point and along the (100) directions have been included, as well as nonparabolicity of the lowest valleys. It was thus possible to estimate how much nonparabolicity and upper valleys contribute, in the present model, to the negative differential mobility (NDM) of electrons at low temperatures and high fields. The relative importance of these two causes is one of the points which have aroused most interest in the literature.4.5 The effect of electron-electron interaction on the valley repopulation is also analyzed. Finally, the diffusion of electrons along the direc-24 tion of the field is investigated both experimentally and theoretically. An anisotropy of the diffusion coefficient is found with the electric field, l?, applied along (111) and (100) directions which is due to intervalley diffusion. Section II contains a description of the experimental results with only a few comments on the experimental technique, already described in previous papers, '-Lo. and on the samples used. In Sec. III the theoretical model and the Monte Carlo technique are described. Section IV contains a comparison and a discussion of experimental and theoretical results; in this section all ancillary results obtained by Monte Carlo simulation (as mean energies, energy relaxation times, valley repopulations, electron distribution functions, and relative efficiencies of the different scattering mechanisms) are shown to give a complete picture of the transport 'process. Some conclusive remarks are presented in Sec. V. The Appendix contains mathematical details of the treatment of acoustic scattering in nonparabolic bands used in the Monte Carlo program.
In order to give a unitary and complete picture of electron transport properties in germanium, some results previously disclosed in short publications,8,9
have been included in the present paper.
I I . EXPERIMENTAL TECHNIQUE AND RESULTS

A. Time-of-flight technique and samples
The time-of-flight techniquet-3.".7
is based on the analysis of the current pulse due to charge carriers 1014 created by a suitable ionizing radiation and traveling, under the influence of an applied electric field, across a sample of known thickness W. Since this topic has been treated in several papers, we recall here only its principal features.
In the experiment a sheet of electron-hole pairs is created near the negative contact of the sample by a short burst (=70-100 ps) of 25keV electrons whose range R is much shorter (s2.5 pm) than the sample thickness. The pair density can be changed by changing the current of the primary electrons. Electrons and holes are separated by the applied electric field, and the electrons drift across the sample toward the opposite contact. This propagation of the electron charge layer gives rise to a transient current which is used to measure the transit time TR and to obtain the drift velocity ud = W/T,. The bfoadening of the electron layer crossing the sample due to the longitudinal diffusion, produces a fall time rF of the current pulse longer than the rise time 7s. The longitudinal diffusion coefficient can be obtained by means of the equation ' where rf and rs are defined between 0.05 and 0.95 of the pulse height. The advantages of the time-offlight technique for measuring u,! and D, for highresistivity high-purity semiconductors in wide ranges of electric fields and temperatures, and the validity of Eq. (1) have been discussed in several papers.'~*~tO-'* The samples used in these experiments were n+-i-p+ diodes made of high-purity germanium supplied by General Electric and Lawrence Berkeley Laboratory. The n+ and p+ contacts were formed by solid-phase epitaxy at 350 "C, using Al and Sb, respectively. l3 The low temperature involved in such a process prevents contamination of the material. Several samples were obtained from the same ingot, cut perpendicular to the crystallographic axes (111) and (100) with an accuracy of +l'. The sample thicknesses varied from 220 to 790 pm and had a useful area of about 10 mm* approximately at the center of l-cm* disks. Their characteristics are reported in Table I of Ref. 3. A detailed analysis of the experimental errors has been reported in Refs. 1-3, 8, 11, and 12. In the present measurements the total experimental error is estimated to be around f5% for u,~ and f20% for D,. The error in evaluating the temperature, measured with a germanium resistor in the range 8-77 K and with a thermocouple in the range 77-220 K, was 0.3 K in the former case and 1 K in the latter. The same drift velocities and diffusion coefficients have been obtained, within the experimental errors, in samples of different thicknesses over the whole range of temperatures and fields examined, supporting the view that the transit time is much longer than the time necessary for the electrons to reach a steady-state condition.'.'* B. Drift velocity In Figs. l-4 the electron drift velocity is reported as a function of temperature ranging from 8 to 240 K and of electric field ranging from 2 to 10000 V/cm and applied parallel to the (111) and (100) crystallographic axes. The investigation was not extended to higher temperatures because of problems related to the signal-to-noise ratio. For comparison the experimental results of Smithi at 300 K are also reported in Fig. 4 . Closed and open symbols refer to experi- mental data obtained with the field parallel to (100) and (111) directions, respectively.
The main features of the experimental results are: (i) The anisotropy effect increases on decreasing temperatures. The curves of the drift velocities along the two directions (111) and (100) tend to join together at the highest electric field even though such a rejoining was not achieved at all temperatures considered.
(ii) An NDM region was found with 811 (100) for temperatures below 130 K at high electric fields. The effect is enhanced by decreasing the temperature.
The threshold field, defined as the field at which the drift velocity has the maximum value before the region of NDM, decreases on decreasing 'temperatures. not attained.
(v) For temperatures lower than 77 K and fields parallel to (111) directions, the experimental drift velocities were found to depend on the intensity of the ionizing radiation, that is on the carrier concentration in the electron layer crossing the sample. This effect, due to electron-electron, (e-e), interaction, will be discussed below. For this reason, only the experimental data obtained with the lowest possible carrier concentration have been reported in Figs. 1-4 for (111) directions. In these conditions, however, a severe signal-to-noise problem is encountered, especially at low fields, so that experimental results are interrupted toward lower field strengths.
C. Diffusion coefficients Figure 5 shows the experimental results for the longitudinal diffusion coefficient of electrons as a function of electric field oriented along (111) and (100) direction at two temperatures. We may note that D,(e) decreases with increasing field strength and tends to saturate at fields higher than about 6 kV/cm. This result is similar to that found in Si at 300 K.'* Furthermore, a very strong anisotropy effect is seen in the longitudinal diffusion with 0,(111) 2 D,(lo~). This anisotropy is opposite to the anisotropy of the electron drift velocity, ud(loo) 
~,~(ttt). At the highest applied electric fields the
experiinental results of the diffusion coefficient along the two directions tend to coincide. At the lowest applied field both Q's tend to the Ohmic value Do given by Einstein relation.
D. Electron-electron interaction
In many-valley semiconductors the valley repopulation depends on carrier concentration because e-e interaction tends to equalize the mean energy of electrons in hot and cold valleys. Then the difference of the drift velocity ud at different field orientations, due to valley repopulation, tends to decrease as e-e becomes more effective. This effect has been observed in Si.16-1* In standard current-measuring techniques, the carrier concentration is changed by changing the doping, and therefore the impurity concentration also changes; this fact may complicate the interpretation of the phenomenon. With the timeof-flight technique, on the other hand, the concentrations of electrons traveling across the sample can be changed, without changing the impurity content, by changing the intensity of the ionizing beam. In doing so, on increasing electron concentration we saw a decrease of the drift-velocity anisotropy due to an increase of u,/(~~~) for temperatures below 77 K, while the vd(loo) values remained practically the same at all ith valley is related to E by y(')(E) 'T 62 (k -kp 1: + (k -!#,:
I I I . T H E O R Y -M O N T E C A R L O C A L C U L A T I O N S
In what follows we shall describe the theoretical model and the Monte Carlo program used to interpret the experimental results. They are essentially of the type described by Fawcett and Paige4 with the addition of nonparabolicity of the lower valleys, energy dissipation through acoustic scattering, and the correct acoustic-phonon population.
A. Band structure
The absolute minima of the conduction band in germanium lie along the (111) directions at the edge of the Brillouin zone (L points). There are therefore four equivalent such valleys. Taking into account nonparabolicity, the energy e(') of an electron in the (2) where Et' indicates the position in the Brillouin zone of the center of the ith valley; a is the nonparabolicity parameters; the subscripts l and t indicate longitudinal and transverse components with respect to the symmetry axis of the valleys; m, and np, are the effective masses; the origin of energy has been taken at the minimum of the conduction band.
Upper minima at the center of the Brillouin zone and along the (100) directions have been included in the present model since at high fields electrons populate these valleys also. The central valley has been assumed to be spherical and parabolic; the valleys along the (100) directions have been taken to be parabolic with ellipsoidal shapes. The Herring and Vogt transformation I9 has been applied to the lower (111) and to the upper (100) valleys, to reduce the problem to spherical symmetry. (111) and (000) valleys, (ix) one intervalley between (100) valleys, (xl-(xi) two g intervalley between (100) valleys, and (xii) one intervalley between (100) and (000) valleys.
Optical and intervalley phonon scattering have been treated with standard procedures.4f20 The details of the procedure used for acoustic scattering in the nonparabolic valleys including energy relaxation are given in the Appendix.
Scattering from impurities has been neglected owing to the high purity of the material used in the experiments. Electron-electron scattering has been considered in a special Monte Carlo program which will be briefly discussed in a following section. The Monte Carlo program, of the type described in several papers,4~20-22 includes all 11 valleys explicitly. The equivalence of the valleys equally oriented with respect to the applied electric field has been checked a posteriori in the results. Rees self-scattering has been used with a step-shaped total scattering rate23 in the lowest valleys and a constant total scattering rate in the upper valleys. Four electrons have been simulated at the same time, with their initial E situated in the four lowest valleys in order to cover the low-field region at low temperatures when intervalley scattering is essentially absent.' The simulation of each electron has been split into many parts of equal time duration to obtain the diffusion coefficient and the statistical uncertainty in the drift velocity as described in Refs. 21 and 23.
In Table I the physical parameters used in the calculations are listed. As can be seen, most of the parameters coincide with the values of set b of Fawcett and Paige.4 Some of them have been slightly changed in order to obtain a better fit of the overall experimental data. In particular the warm electron region at low temperatures and the diffusion coefficients are much better interpreted with the set of constants given here, as will be discussed in the next section. The nonparabolicity parameter for the transverse mass is approximately given by (2A)-', where 2A is the energy difference between e(L,,) and ~(LJ,).*~ Values for 2A in the literature2s*26 range from 2.0 to 2.5 eV. Since however the longitudinal direction is much more parabolic, an average value of a -0.3 eV-' has been assumed in the present work.
IV. DISCUSSION OF RESULTS
In Figs. l-7 a comparison is given between experimental and theoretical results. At lower temperatures ( T ( 130 K) and high fields a negative differential mobility (NDM) is present for E applied along a (100) direction. This effect has been found in the past32-36 aind different theoretical interpretations have been published in the literature. Dumke' showed that the effect could be due to the presence of band nonparabolicity without invoking upper valleys, while the Monte Carlo calculation of Fawcett and Paige,4 which used parabolic valleys, attributed the effect purely to the presence of the upper valleys. In their model the WDM phenomenon is attributed to a transfer electron mechanism as for compound semiconductors. In the present calculation the experimental NbM is reasonably well reproduced. Both upper valleys and nonparabolicity of the lower valleys are included in the model and the contributions of these two features can be separately evaluated. Figure 8 shows theoretical results for the drift-velocity at 77 K obtained with different models. It can be seen from there that in our model both nonparabolicity and electron transfer to upper valleys give an effective contribution to the NDM phenomenon.
Anisotropy of the drift velocity with respect to the direction of the applied field is present both in experimental and theoretical results. As is well known3' this effect is due to a valley repopulation which is present when g is parallel to a (11 I ) direction. The anisotropy decreases as T increases since intervalley scattering tends to equalize the mean energies of the electrons in cold and hot valleys. For T -240 K, in fact, ihe anisotropy in our experimental results is of the same order as the experimental uncertainty of the data ( Its%) and it has not been reported. At lower temperatures the theoretical anisotropy appears to be too small at very high fields.
With further research on the best fitting parameters in the theoretical model the overall agreement can be probably improved.
At the lowest temperatures ( T S 20 K) the theoretical curve for E II (111) is interrupted toward the low fields. This is due to the difficulty of simulating the correct valley repopulation when intervalley scattering is very rare, as is reported for silicon in Ref.
1.
Section II D reports that the experimental electron drift velocity at these values of field and temperature is also strongly influenced by electron-electron interaction. This mechanism, in fact, tends to transfer energy from hot to cold valleys through e-e collisions, thus reducing the valley repopulation and therefore the drift velocity anisotropy.
Theoretical calculations have been performed" which include e-e interaction. A change in the aniso- tropy of the drift velocity has been seen in the right direction in these cases, but is not sufficient to account for the experimental findings. The theoretical treatments, however, are not immune from possible criticisms, and the statistical uncertainty on the data given in Ref. 18 is rather high; before invoking other physical phenomena a better theoretical analysis of the e-e effect should be done.
Let us recall that with respect to other experimental results on this phenomena, the present data have the advantage of being obtained by varying the electron concentration in single samples without changing, therefore, the impurity concentration.
C. Diffusion
The diffusion properties of electrons in germanium along the electric field have been discussed in a previous publication'; for completeness we report here only the major conclusions.
The longitudinal diffusion coefficients as functions of the applied field are shown, in Fig. 5 , for two temperatures; theoretical Monte Carlo results are here compared with experimental data. A very strong anisotropy of 4, can be seen, due to intervalley diffusion* when E is applied along a (111) direction. In this case, in fact, the different drift velocities of electrons in different valleys give rise to an additional spreading of the carriers besides the normal "thermal" diffusion.
For comparison some theoretical results obtained with the germanium model proposed in Ref. 4 are also shown in Fig. 5 , which feature a too large intervalley diffusion. This comparison suggested a change in the intervalley coupling constant with respect to that model. Figure 9 shows the populations of the different valleys as functions of the electric field applied along a (111) direction at three different temperatures. It can be seen that the population Nh of the hot valleys first decreases and then, after a minimum (which is about zero at 8 K), increases again toward its equilibrium value 0.75, sin& intervalley scattering tends to equalize the mean energy in all valleys. However, when electrons begin to populate the upper valleys Nh decreases again so that a wavy behavior is obtained. Similar and opposite considerations hold for the population N, of the cold valleys.
D. Valley repopulation
The total effect is reduced as the temperature increases for the well-known reasons recalled in discussing the anisotropy of the drift velocity.
In Fig. 9 together with theoretical resuIts, experimental results are shown obtained with the scaling technique38.39 from the experimental drift velocity results shown in Figs. l-3. This technique allows the determination of Nh and N, only in the region of fields in which the upper valleys are not populated.
The agreement between experimental and theoretical results is very good at 8 and 20 K; however the range of the experimental data does not cover the field of maximum repopulation at these lower temperatures. At 45 K the discrepancy in the position of the maximum anisotropy of the drift velocity (see Fig. 3 ) shows up clearly in the repopulation curves. phonons and at the energy of the bottom of the upper valleys while at the highest field strengths only the latter remain.
E. Electron distribution function
F. Electron mean energy
The electron mean energy in the lower valleys as a function of the electric field applied along a (100) direction is shown in Fig. 11 for different lattice temp e r a t u r e s .
For fields oriented along a (111) direction, a difference between hot and cold valleys is obviously found. The effect is similar to that reported for electrons in Si' and will not be reported here.
More interesting is the comparison of the electron mean energy for E II (100) in the four models discussed in Sec. IV B above: (a) parabolic valleys This comparison is shown in Fig. 12 for T = 77 K and it may be seen that the effect of nonparabolicity is strong if upper valleys are neglected, but when they are considered nonparabolicity is much less effective! where e is the electron charge, (c(E) ) the average electron energy as a function of field strength applied parallel to a (100) direction. In evaluating T, from Eq. (31, (c) and vd have been taken from the Monte Carlo calculations.
The theoretical curve for T = 77 K is compared in Fig. 14 
H. Energy and velocity dissipation rates
In Fig. 15 the energy and momentum dissipation rates for all scattering mechanisms considered in the lower valleys are shown as a function of field strength applied parallel to a (100) direction at T-77 K.
It may be seen that at this temperature acoustic scattering is dominant at low fields for momentum dissipation but negligible for energy dissipation. This last is essentially due, at low field, to optical and equivalent intervalley scattering. At highest fields nonequivalent intervalley scattering is the most im- Table 1. portant one in dissipating both energy and momentum.
The dissipation rates refer to the total simulation time, so that they already include the reduction of efficiency'due to valley depopulation at high fields.
V. CONCLUSIONS
In this paper an extensive investigation, both experimental and theoretical, on electron transport properties in Ge has been presented. In particular, the drift velocity of electrons has been measured with the time-of-flight technique in wide range of temperatures and electric fields.
The technique, especially suitable for highresistivity material, enabled us to perform the measurements on hyperpure samples.
Longitudinal diffusion measurements have also been included in order to give a more complete picture of electron transport in Ge.
The theoretical interpretation of the experimental results has been performed with the Monte Carlo technique. The model includes lower, (11 1 ), nonparabolic bands as well as upper bands at the center of the Brillouin zone along the (100) directions. Acoustic scattering has been considered with proper energy relaxation also in the nonparabolic valleys. In addition, optical scattering has been taken into account in the lowest valleys together with intervalley scattering between nonequivalent valleys.
The NDM effect at the lowest temperatures for fields along (100) directions is found to be due to both upper valleys and to nonparabolicity of the lower valleys with a larger contribution of the former cause.
In certain cases the theoretical predictions have been compared also with experiment data, other than the present ones, available in the literature.
Besides the results to be compared with experimental data, other quantities such as the mean electron energy, the dissipation rates of energy and velocity by the various scattering mechanisms, the electron distribution function and the valley repopulation, have been worked out from the Monte Carlo simulation, in order to get a complete physical picture of the electron transport process in Ge.
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APPENDIX
In this appendix we shall describe how intravalley acoustic scattering has been treated in our Monte Carlo calculation. In particular, the simultaneous consideration of the nonparabolicity of the valleys and of the correct acoustic energy dissipation is the novel element of the calculation.
A squared matrix element of the form E:tiq N"
(H'p--I I 2 vpu, Nv + 1 (Al) has been assumed, where El, is the deformationpotential constant, V and p are the volume and the density of the crystal, u, is the velocity of sound, and
